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Introduction 

Let R be Noetherian commutative ring with identity. We say that some elements 
7i , . . . , 7 r £ R generate an ideal / of R up to radical if \fl — ^/(7i, ■ ■ ■ , Tv). The 
smallest r with this property is called the arithmetical rank of /, denoted ara /. 
It is well known that height / < ara/. If equality holds, / is called a set-theoretic 
complete intersection (s.t.c.i.). Determining the arithmetical rank of an ideal 
/, or at least a satisfactory upper bound for it, is, in general, a hard task. In 
this paper we give some criteria for the case where / is the intersection of two 
ideals, whose generators are linked by special divisibility conditions. Our results 
yield constructive methods which can be applied to certain polynomial ideals 
generated by squarefree monomials. In particular, we characterize a class of 
monomial ideals of minimal multiplicity which are s.t.c.i.. 

Other results on the arithmetical rank of intersections of ideals can be found in 

in 

1 The Main Theorem 

For the proof of our main theorem we will need the following preliminary result, 
which was presented in 3 , and is a generalization of the lemma in p. 249. 

Lemma 1 Let Px,...,P r be finite subsets of R, and set P = Ui=i Pi- Suppose 
that 

(i) P± has exactly one element; 

(ii) if p and p' are different elements of Pi (1 < i < r) then (pp') m £ 
^Uj=i Pj^j for some positi ve integer m. 
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We set qi = ^2 peP . p e{ ~ p \ where e(p) > 1 are arbitrary integers. Then we get 

y/(P) = y/(qu...,q r ). 

Before stating our main result, we introduce the following notation: given 
«i, . . . , a t , Pi, ■ ■ ■ , flt S R, we write [ax, . . . ,a t ] C [fix, . . . , fit] if, for all indices i 
such that 1 < i < t, (pci, . . . , at) C (fix, . . . , fii). 

Theorem 1 Let fix , ■ ■ • , fJ-ui v\ > • • • > v v be elements of R and consider the ideals 
I = (fix, ■ ■ ■ , fiu)i o,nd J = {vx, ■ ■ ■ , Vv) °f R- Suppose that there is a positive 
integer s with s < u and s < v such that 

[fix, ...,fi s ]c [vx, ■ ■ -,v s ]. (1) 

For 1 < i < u — s set 

s+i 

7i = Wi-j+'+U ( 2 ) 

j=s+l 

and, for u — s + l<i<u, set 

s-\-i 

li = fli-u+ s + Wi-j+s+l- ( 3 ) 

3=s+X 

If s < v — 2, for u + X<i<u + v — s — 1, set further 

s-\-i 

7i = '''''' ^ 

3=s+X 

In equations fip . (0) and ^ we have adopted the following convention: we have 
set fih = whenever h > u and Vk = whenever k > v. 
Then, if s < v — 2, 



vinj = ^( 1 x,---,iu+v-s-x), (5) 

and, if v — 1 < s < v, 

VTru = V( 7 i,...,7u)- (6) 
Note 1 We can rewrite (J2J) and in the form: 

7i = X! PhVk, (i < u - s or i > u + 1), 

/i + fc = i + s + l 
h>s + l 

and (PJ) in the form 

7i=/Xi_«+ s + M^fc- (u-s + l<i<tt) 

/i + fc = i + s + l 

We are going to use this simplified notation in the proof of Theorem ^ 
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Proof .-We prove the equalities © and |JBJ| by showing the two inclusions. For 
all indices i, all summands of 7, belong to \J 1 n J: this is certainly true for 
the terms of the form Hh^k] moreover, for u — s + 1 < i < u, we have that 
1 < i — u + s < s, so that, by 0J, /i.;_ n+s G 7 n J. Thus inclusion D is true. We 
now prove C. For all indices i, let Pj be the set of summands of 7,. Here we 
are excluding the terms containing /i^ with h > u or Vk with k > v. We show 
that the sets Pj fulfill the assumption of Lemma^ Since Pi = {ps+i^i}, (i) is 
satisfied. Now let z > 2 and let p and p' be two distinct elements of Pi. Then 
one of the following two cases occurs: 

(a) p = fih^k and p' — lih' v k' '■> where, without loss of generality, we may 
assume that 1 < k' < k. Let I = k — k' . Note that pp' is divisible by 
p" = Hh v k' ■ Since ft + k = i + s + 1, and ft > s + 1, we have k < i, so that 
/ < i. Moreover, h + k' = h + k — I = i — 1 + s + 1, so that p" S P,_i, and, 
consequently, pp' S Pj-;. 

(b) u — s + 1 < i < u and p = m- u +s, p' = f^h'^k'- Then 1 < i — u + s < s, so 
that, by JJ), pp' € (i/x, . . . , Vi— v ,+s)(ph' l 'k')- Moreover, for 1 < k < i—u+s, 
[J-h'Vk € Ph'+k— s—ii where h'+k— s— 1 < h'+i — u—l < M+i — u— 1 = « — 1. 
Hence pp' € (U^P, ). 

This shows that (ii) is fulfilled, too. It follows that 



XP) = 



\/(7i! ■■ -,7u+u-s-i) if s < u - 2, 



v(7i) ■ ■ ■ ,7«) if « - 1 < s < u. 

Now it remains to show that 



v7n7 c V(P). (7) 



Recall that v7nJ = v77, and 7 J is generated by all products Hh^ki with 
1 < ft < u, 1 < fc < u. If ft > s + 1, then pft,i/fc £ Ph+k-s—V- note that 
ft + fc — s — 1 < u + v — s — 1. If 1 < ft < s, then /i/, G Ph+u-s- In either case, 
Ph^fc S (P). This shows (0) and completes the proof. 

As an immediate consequence of Theorem ^ we have: 

Corollary 1 Let jii, . . . , fj, u , v\, . . . , v v be elements of R and consider the ideals 
I = {pi, . . . , fi u ), and J — (1/1, . . . , v v ) of R. Suppose that there is a positive 
integer s with s < u and s < v such that [pi, ... , p s ] C [fi, . . . , v s \. Then 



ara (7 n J) < 



u + v — s — 1 if s < v — 2, 

u if v — 1 < s < v. 



Moreover, the elements 71 , . . . , 7,. S R generating I n J up to radical can be 
chosen in such a way that 

[7ij---i7«] C \p s+ i, . . . , fi v , fii, . . . , fj, s ], (8) 

and 

[71,..., 7„] C [i/t,...,v v ]. (9) 
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Proof .-We only prove statement © • For all indices i such that 1 < i < u — s 
from (J2J) we deduce that ji € (y\ . . . , Vi). Now let u — s + 1 < i < u. Then, by 

m, 

li € (/Xj_ u+S! ^i,...,i/i), 

where l<i — u + s<s, and, moreover, i — u + s < i. Hence, in view of (Q, 
l^i-u+s G (fi, ■ • • , Vi), so that 7, S (y\, . . . , J/;). If i> < u, this yields the claim. 
Otherwise, since v < u + v — s — 1, for all indices i with u + 1< i < d, by (D 
we have that 7, S (i/t, . . ., f;). This completes the proof of ©■ Statement JHJ 
can be shown in a similar way. 

Remark 1 The claim of Corollary ^ also holds for s — 0: it is well known that, 
whenever / and J are ideals of R generated by u and v elements respectively, 
then 

r = ara [I fl J) < U + v — 1. 

A proof of this result and its generalization to the intersection of any finite 
number of ideals is given in JTj, Theorem 1. 

Example 1 Let K be a field. Consider the following ideal of R = K [x\, . . . , x$] : 

I = (xi,X3,XB)n(X2,X4,,X 5 )n(Xi,X4,X 5 )n(x2,X3,X5)r\(xi,X3,Xe)n(x2,X5,X 7 ), 

which is of pure height 3. We have / = {x\X2, x\x§, x 3 x§, x$x§, X3X4X7, X2X3X4). 
We show that ara/ = 3, i.e., / is a s.t.c.L. Note that / = 1\ n I2 H ^3, where 

h = (xiX 2 ,x s X4,,x 5 ), I 2 = {x x , x 3 , x 6 ), h = {x 2 ,x 5 ,x 7 ). 

First set 

fii = xix 2 v\ = x\ 
[i 2 = v 2 = x 3 

/i 3 = x 5 v z = x 6 . 

Then Corollary ^ applies to I\ n I2 with u = v = 3, s = 2 and r = 3. Hence 
I\ n I2 is generated up to radical by the following 3 elements: 

7l = X1X5, 72 = XlX 2 + X3X5, 73 = X 3 Xi + X 5 X 6 . 

Now set 

Mi =71 v '\= x 5 
fi' 2 =72 v' 2 = x 2 

/4 =73 v' z = 3f 7 . 

Then CorollaryHapplies to the intersection of the ideals (71, 72, 73) and ^3 with 
u = v = 3 and s = 2. Thus this intersection is generated up to radical by 

71 = {xaXi + x 5 X 6 )x 5 , 

7 2 = £1X5 + (x 3 x 4 + x 5 x 6 )x 2 , 

73 = XiX 2 + X 3 X 5 + (X3X4, + X 5 X 6 )x 7 . 

These elements generate / up to radical. 



On the arithmetical rank of an intersection of ideals 



■5 



Example 2 In the polynomial ring R = K [xi, . . . , x§\ consider the ideals I\ — 
(xi,x 5 ,x 6 ) n (x4,x 5 ,x 6 ) — (xiX4,x 5 ,x 6 ) and I 2 — (xi,X2,x 3 ) and set / = 
I1CM2 — (xiX4,xix 5 ,xiXs,x 2 X5,X2Xq,X3X5,X3Xq). Then Corollary^ applies to 
I\ H I2 with u = v = 3 and s = 1, so that / is generated, up to radical, by 

71 = XiX 5 , 

72 = x 2 x 5 + xix 6 , 

73 = X1X4, + X3X5 + X 2 X 6 , 

74 = x 3 x 6 . 

Thus ara/ < 4. We show that equality holds: to this end we exploit the 
inequality 

cdl < ara/ (10) 

(see [OJ, Theorem 3.4, or j^J, Example 2, pp. 414-415), where cd denotes the 
so-called local cohomological dimension of /, which is defined as follows: 

cdl = max{i I Hj{R) ^ 0}. 

We prove that Hf(R) ^ 0. This will imply that 4 < cdl < ara/ < 4, so 
that equality holds everywhere. In particular, / is not a s.t.c.i.. We have the 
following Mayer- Vietoris sequence (see 0, p. 15): 

. • • - Hi (R) © Hf 2 (R) -> Hf inL , (R) - H» +Ja (i?) -> ff« (R) © ffj> (i?) - ■ • ■ 

(11) 

In view of Hl()[). since Ji and ^2 are generated by three elements, we have that 
Hj (R) — H} (R) = for all i > 3. Moreover, I\ + I 2 = (xi,x 2 ,X3,X5,xq) is 
generated by a regular sequence of length 5, so that by 8 , Example 2, pp. 414- 
415, cd J1+J2 = 5 and, on the other hand, by [Hj, Proposition 2.8, H\ +I (R) = 
for alH < 5. Thus Hj i+l2 (R) ^ if and only if i = 5. From ijTTJl it thus follows 
that Hj inl2 (R) ^ 0, as required. 

Example 3 In any commutative ring R with identity consider the ideal 

1 = 0"i,M2,M3)n {vx,v 2 ,v 3 )r\ (6)6)6), 

where we assume that fix E {v\) and fj, 2 € (6)< Corollary H] applies to the ideal 
J' = (pi, fi 2 , /X3) H (^1,^2,^3) with u = u = 3 and s = 1. Hence, according to 
||SJ|, it is generated, up to radical, by 4 elements 71,72,73,74 € i? such that 
7i S (/i2); consequently, 71 G (6)- Thus /" = (71, 72, 73, 74) n (6,6,6) fulfills 
the assumption of Corollary^for u = 4, v = 3 and s = 1. Note that V7" = \/7. 
Therefore araJ < 5. For instance, in the polynomial ring K[x\, . . . , xio], where 
K is a field, consider the ideal 



I = (x 1 x 4 ,x 2 x 5 ,x 3 x 6 ) n (xi,xr,xs) n (x 2 , x 9 , acio). 
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It is generated, up to radical, by the following 5 polynomials: 

(x 2 x 5 x 7 + x 1 x 3 x 6 )x 2 , 

(x 2 X 5 X 7 + XiX 3 X 6 )x 9 + (X1X4 + X 2 X 5 X$ + X 3 XqXj)x 2 , 

(x 2 X 5 X7 + XiX 3 X 6 )x W + (X1X4, + X 2 X 5 X S + X 3 XqX-j)xq + X 2 X 3 X e X S , 

XlX 2 X 5 + (X1X4 + X 2 X 5 X$ + X 3 XqX 7 )xio + X 3 X 6 XsXg, 

x 3 x 6 xsxi . 

As was proven in the cohomological dimension of a monomial ideal is equal 
to its projective dimension (pd). In our case, a computation with CoCoA 
yields that pdl = 5 if char A" = 0. Hence, in view of I jlOjl . we have that 
arai = 5 in characteristic zero. Another computation with CoCoA yields that 
the minimum number of generators of / is 15. 

2 An application 

In this section we apply the results of the previous section to the computation 
of the arithmetical ranks of a certain class of ideals generated by monomials 
in a polynomial ring over a held K. Since the arithmetical rank is the same 
up to radical, without loss of generality, we can restrict our attention to ideals 
generated by squarefree monomials. We first prove one general result. 

Proposition 1 Let h, t be integers, h <t, and let ao, ai, . . . , ah be integers with 
= ao < a\ < ■ ■ ■ < ah < t. Let x\, . . . , xt, yi, ■ ■ ■ ,y ah € R and consider the 
following ideals of R: 

I = (xi,.. .,x t ), 
and, for all indices i with 1 < i < h, 

Ii = (VU-- ■,ya i ,X ai+ i, . . .,X t ). 

,lt+a h -h G R generating Iq D I\ PI • • • PI Ih up to radical 
[7x,---,7o h ] C [yi,...,y ah ], (12) 

7i = x i-a h +h 

for all indices i with 2ah — h + 1 < i < t + a/, — h. 

Proof .-We proceed by induction on h. The claim is trivially true for h = 0. 
Suppose that h > 1 and that the claim is true for all smaller indices. There are 
7i, . . . , jt+a h -!-h+i G R generating 7o fl Ji D • • • H Ih—i up to radical such that 

[7i>--M7o h _i] C [j/i,...,J/o h _i], (13) 



Then there are 71 , . . . 
such that 

and 



and 



7i %i—ah—\-\-h—\ 
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for all indices i with 2a/ t _i — h+2<i<t+ dh-i — h + 1. Note that 

y/i n • • • n h~i n i h 

= \J (71, • • • ,lt+a h _ 1 -h+\) n (yi, . . .,y ah ,Xa h +l, ...,x t ) 

= \J {ll, ■ ■ ■ ,la h +a h _ 1 -h + l,X ah+1 , ...,x t )D (yi, . . . , y afi , x ah + i, ...,x t ) 
(note that a/j + a^-i — h + 1 > 2a/j_! — h + 2) 

= ^/ (71, ' ' • rTah+a^x-ft+l) H (yi, . . . , IJa J + (x ah +l, ■ ■ -,X t ). (14) 

In view of (JT3J, Corollary [l] applies to (71, • • • , 7 OJl+ah _ 1 _ fc+ i) n (y%, . . . ,y ah ) for 
u = ah + a-h—i — h + 1, v = ah and s = a,h—i- Hence, by @, this ideal is 
generated up to radical by 71, ... , j2a h -h € R such that 

[7i,---,7aJ C [yi,...,y Q J. 

Set 7i = Xi- ah+ h for all indices i such that 2a^ — /i + l < i <t + a,h — h. Then, by 
fTljl. 71, ... , 7 t+aft _^ generate Jo PI • • • fl Jft-i n J/j up to radical. This completes 
the proof. 

Corollary 2 Jei K be a field and let xi, ■ . ■ , Xt, y±, . . . , yt be pairwise distinct 
indeterminates over K. In the polynomial ring R = K[x\ 1 . . . , xt, yi, ■ ■ • , yt] 
consider the ideal 

I = (xi, ...,x t )C) (yi,x 2 , ■ ■ ■ ,x t ) n ■ • • n (y±, . . .,y t -i,x t ) D (yi, . . . ,y t ). 
Then I is a s.t.c.i.. 

Proof .-It suffices to apply Proposition ^ for h = t (which implies that a, = i 
for all i = 1, . . . , t). This yields aral < t. Since height / = t, equality holds. 
This completes the proof. 

Remark 2 Recall that the ideals generated by squarefree monomials in a poly- 
nomial ring over a field are the face ideals of simplicial complexes: we refer to 
Bruns and Herzog Section 5, for the basic notions on this topic. The ideal I 
in the claim of Corollary [2] is the face ideal of the simplicial complex A on the 
vertices x±, . . . , Xt, yx, ■ ■ ■ , yt whose facets are 

Jo = {yi, ■•■,?/*}, 
Ji = {xi, yi, ■■■ ,y t }, 

Fi-i = {x 1 ,... > Xi- 1 ,y i ,...,y t } 
F t = {x 1 ,...,x l ,y l+1 ,...,y t }, 



F t = {x u 
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For all indices i > 0, 

F i n ( u iZo F i) = {^l, • ■ • ,x i ^ 1 ,y i+1 , . . .,y t }, 

which is a maximal proper subset of -Fj_i. According to Definition 5.1.11., 
A is a so-called shellable complex. By virtue of 0, Theorem 5.1.13., as a 
consequence, we have that R/I is a Cohen-Macaulay ring. By the results in [2], 
/ also defines a reducible variety of minimal degree according the classification 
given in [Jj, Section 4. Another class of varieties of minimal degree which are 
s.t.c.i. (and whose defining ideal is generated by a set formed of both monomials 
and binomials of degree two) has been recently characterized in [Sj. 
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